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* New Vector Bundies : E, E*. E.©E. E®E, etc...
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For ﬁme\-‘cma_ , onsi dev (0.2) - tewnsors

(L) Givem (0,2)-tewsoy O € T(Tam)

. M eacw P, get bilinear “P’TP” “TPM —5M®
. Given XY € X(M)=T(TM) | we define £: M > R
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Q: Given +his, does it defe a tomsor ?




(2) Given (H) : X(M)=* X(M) — ™ (M) whith s bilinees ( T (™)

Wont: At each pEM, dehng bilinear o(P-. TeMx ToM — R

Fix p. ond Xp. Yp ¢ TM  ~» extwnd Xp, Yp 1o vector felds X M ¢ %M)

Hom OLY) L £ @ (M), mext Fp) =2 Ay (% Yp)
(li: last Bwe )

Ex ample ( Submenmds ld  geswatry R )
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* \ﬁ ff % : (0.2) = TensSor , ngwwtric, pes: def .
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Fix Sowme (global) unit mermel UM = R

Lefine : hix,¥) =< D, BxY 07D € Cim)

Q: (,u\..g is W a (0,2) -tensov ?

Check: h(FX,Y) = $hxy)
e WX, $Y) = $RNY) o« hix§Y)=<DEY), V>
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GOAL : M Comfd g O oy ctomvesive el fom formd
@ Lie denvative Lx (0w Tensors )

§ Extecvor derivative (Clﬂtru Clng)

Tdea: 3, div, ow  ¢—> 4

Notation - A\‘

= T(A"T'M) = Q") =] k-forms on M)

h‘l'lnm": 3! exterior olgn'vc.fo‘ve
ke
0(=0(k=Qk(M)———->ﬂ (M) for k2o0.
Sa‘tisfat'ng the ’&\tom‘na :

1) df(X) = X(£) vfe QM) = C°(R)
2) d(wi+w;) = dwi+ dwe Vo .we ¢ RNmM).

3) dzz ded = O (*)

&) Ad(wan) = (dw)Aq+t-*)wAdrl Vwc.Q'cu),qug(M)

tle Rham wwmplex

d & ..
Cm) = QM) — QM) — (M) oS 4 (M) A 6
\_/7 .
d*=o «> de Rham cahomelogy’

Example : M" = R" d: QR - Q"' R

d‘f' 2 a; dx’ = ?3; ox' + -+ %" Ax”

d(Zadx') = i (& (Qicdx)) (2)

= 2 ((olm)A dx' + Qia d.(o(x‘)) (%)
(] ] \

d®x’ =0 by (3)
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S\'w\i\mlg, d is dehwdd Ov Qh v oll R.

Key Propecty:  Guven F: R™ — R smesth,

(diffee . tnvananc ) and W ¢ Qh(an) . d, F °
*
then  ((Fw) = Fldw) (M Exercice)
¢ This allaws ws te ckehwe ol on maenfelds.
Why? "
¥ well (M) Comt‘h‘\-\c T W= #“ Wy = ¢:wv
i @ ’ e = Fiwy = ($oeba) w *
To defineg Aw ?
Rv\ \ ¢\’
F b, qsu dwy = d(Fwy)
‘ = F¥(dwv)
Wy € IR wvc-fz"(ik") = (Pus ) (dwy)
dwy € AR dooy ¢ R 1 4w Bl (dwn) = ¢ (dwy).
é Lie derivative (Chern & 6-7-)
- ” H = M
Idea- ve ctor £iclds 5 ‘nfinitesima | .&'—D -
’ on M diffeomerphsm § \.\;9 i
>
Let X € (M) , at ecach peM, Al integral @ve YPH‘)
, X
Yol(e) = ]
P P Yo LA

antonermons ODE S-o:‘t‘em,



Fixt $Y.:M—-M P (p) = Yp(t) o lemg as it dofined

(b) = M‘ﬁ" Pers = Peo @ = P e¥s
Tw ‘:ash‘w\r-t, we haw ‘Po = fd',‘ and (q’t).l = So-t

So, XeEXM) —~ 1-paremster famiy Y58, < Biff(M)-=}F 1= M}

f” dffeo .

Flows gemerated by X
Tdea: Given X € X(M) ~ [Py ¢ Riff(m)
Reotl: F:M - M diffeo. .
we Q'M) — Fro e QM)
Yexmm) — (F)Y e xm)

Similerly , defive F*:T(TM) — 7T (TiM) &= “pwiback ot )
(v,5) -tensers

Nete: F1 + (TgpM)y — (TeM) ot peM.
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P ,

Lde denvetive &hnj X

Def? - Loz

ke
(q)#&) Note: d: Qf - o'

m hx : P(Tim) =2T(Tsm)

?fb\)evties e{' Lx (on ‘i’tnSovs) Fix X € x(M).

1) Lyf = X($) ¥ $ec®m)
2) LyY = [x,Y] VYec %X(M)
3) Lx(a@p) = (x)® B+ % ®(xB)

4) LxoC = Ce )y where C: T(Tim) - T(T:::M) Lutraction



Note: 1) =3) =2 Lx well-defind on T(Tom)
& 4) = Lx well-defined on T(Ts™m)

Exom\,\e: we ') = T(TMm) . lxw = ?

(0.1)=tnser

Take any) X 6 %X(m),

( Ix(w®Y) = Qe + 0 @ (Y ) )
[x’Y]
Colx(w@Y) = & (Y) + w(CxY1)

@

xec (w®Y) = Ly (w() 9 X (wiy))

A | (Lxw) N = X (wn) - w (LxYI)

Mi 1) trivial : 3) sowe proef as asuael  Lethwz vule

&) Clam: Ce Lx = kx*C

Toke any) (r,5) =tamser O,
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coF'(«) = ¢ ((FlY ® Fh) = (Flo)( (Fex)
. .
=‘=[°°( F*F.,X)] o [wx)] = F ¢ (o)



# -t
LxY = 4Lwm Son-ng‘m sat"\r.Y)
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